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the medium. This flux of heat can be written in terms
of phonon energies h̄!qj phonon group velocities c↵qj and
perturbed phonon population n

qj

:
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in the l.h.s !qj is the pulsation of the phonon mode with
vector q and branch index j, ⌦ is the volume of the unit
cell and the sum runs over a uniform mesh of N0 q points.
While in the r.h.s. k

↵,�

is the thermal conductivity with
↵ and � the Cartesian indeces. Knowledge of the phonon
perturbed population allows heat flux and subsequently
thermal conductivity to be evaluated.
Unlike phonon scattering by defects, impurities and
boundaries the anharmonic scattering represents an in-
trinsic resistive process and usually it dominates the be-
haviour of lattice thermal conductivity at room temper-
ature balancing the perturbation due to the gradient of
temperature. The balance equation, namely the Boltz-
mann Transport Equation (BTE), formulated in 1929 by
Peierls12 is:
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with the first term indicating the phonon di↵usion due
to the temperature gradient and the second term the
scattering rate due to all the scattering processes. This
equation has to be solved self consistently. In the gen-
eral approach18, for small perturbation from the equilib-
rium the temperature gradient of the perturbed phonon
population is replaced with the temperature gradient of
the equilibrium phonon population @nqj/@T = @n̄qj/@T

while for the scattering term it can be expanded about its
equilibrium value in terms of a first order perturbation:

nqj ' n̄qj + n̄qj(n̄qj + 1) qj

Let us now consider the total energy of the crystal
Etot({u

s↵

(R
l

)}), where u

s↵

(R
l

) is the atomic displace-
ment from the equilibrium position, of the s-th atom,
along the ↵ Cartesian coordinate in the crystal cell iden-
tified by the lattice vector R

l

.
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where Ecell is the energy per unit cell and the adimen-
sional quantity Xqj is defined by
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(qj) being the orthogonal phonon eigenmodes nor-
malized on the unit cell and M

s

the atomic masses. It

is then possible to write the scattering rate associated to
three-phonon scattering processes as:
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Eq.3 and 4 represent respectively the scattering rates as-
sociated with the coalescence and decay class of events.
All the three phonon scattering processesG = q+q

0+q

00,
with G the reciprocal lattice vector, can be classified in
two types (i) normal (N) processes G = 0, which con-
serve the total crystal momentum and (ii) umklapp (U)
processes G 6= 0 which are the responsible of the intrinsic
resistivity of the crystal and tend to return the phonon
system to an equilibrium Planck distribution, whereas N
processes lead to a displaced planck distribution. At low
temperature the U processes are frozen out this means
that in bulk in absence of any other source of resistivity
the thermal conductivity becomes ballistic while in finite
size systems, when the phonon mean free path becomes
comparable or larger than the object size (L) the border-
ing scattering mechanism becomes important and limits
thermal conductivity. The border e↵ects are described
with:
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where L is the Casimir length and F a correction factor
depending on the width to length ratio of the sample.
Eventually in order to evaluate the thermal conductiv-
ity for di↵erent isotopic concentrations it is necessary to
add also the rate of scattering with impurities. Isotopic
impurities introduce elastic scattering between phonons.
The corresponding scattering rate is calculated as:
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where g2 is the mass variance parameter, which de-
scribes the concentration and mass change for each iso-
tope type.
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We present a first-principles theoretical approach for evaluating the lattice thermal conductivity
based on the exact solution of the Boltzmann transport equation. We use the variational principle
and the conjugate gradient scheme, which provide us with an algorithm faster than the one previously
used in literature and able to always convergence to the exact solution. Three-phonon normal and
umklapp collision, isotope scattering and border e↵ects are rigorously treated in the calculation.
Good agreement with experimental data for diamond is found.

I. INTRODUCTION

Thermal conductivity is one of the most important
parameter used to characterize transport phenomena in
solid state systems. A predictive theory for evaluating
thermal conductivity is essential for the design of new
materials for e�cient thermoelectric refrigeration and
power generation? and it could help in understanding
heat dissipation in micro- and nano-electronics devices? .

When heat is mostly carried by lattice vibrations such
as in semiconductors and insulator a correct theoretical
prediction of thermal transport properties cannot leave
aside an accurate description of the phonon-phonon in-
teractions and lifetimes. These quantities are related to
second and third order derivatives of the ground state
energy with respect to atomic displacements. Specifi-
cally the harmonic interatomic force constants determine
phonon frequencies, group velocities and phonon popu-
lations while the anharmonic interatomic force constants
determine phonon scattering rates and linewidths.
A first microscopic description of the thermal conductiv-
ity in semiconductors and insulators has been formulated
in 1929 by Peierls and it has became known as Boltzmann
Transport Equation (BTE). This equation involves the
unknown perturbed population of a phonon mode and
it describes how the perturbation due to a gradient of
temperature is balanced by the change in the phonon
population due to the scattering processes. A good pre-
dictive theory requires then a good knowledge of a) the
harmonic and anharmonic inter-atomic force constants
and b) the perturbed phonon population obtained as so-
lution of the BTE.
Both these issues have non trivial solutions. The first is-
sue can be addressed in the framework of of Density Func-
tional Perturbation Theory (DFPT) evaluating the inter-
atomic force constants fully ab initio using the ”2n+1”
theorem. An e�cient implementation of this method al-
ready exists for zone-centered modes4, but until now a
general implementation was lacking and fully first princi-
ple calculations of thermal transport had always required
the use of extremely computing expensive super-cells.5

We recently filled this gap by developing a general im-
plementation of the ”2n+1” theorem in the Quantum-

ESPRESSO package6. We are now able to evaluate
the anharmonic coupling coe�ciets for any wave-vectors
triplets without the need of super-cells paulatto et al...
The second issue lying in solving exactly the BTE equa-
tion is due to the complexity of the scattering term. The
change in the phonon population numbers of each sin-
gle state involved in the scattering term depend in turn,
on the change in the occupation number of the other
states involved. Several theoretical studies instead of at-
tempting to solve the BTE employ a common approxi-
mation, namely the single mode phonon relaxation time
approximation (SMA)3,8,18 This approximation assumes
that only the phonon mode under consideration is out of
equilibrium and relaxes to its equilibrium state, while all
other modes remain in their equilibrium states. Improved
approximate techniques involve the use of a variational
procedure14,15. Such a kind of approach, originally in-
troduced by Hamilton and Parrott7 relies on the specific
trial function adopted for describing the nonequilibrium
phonon distribution function. Unfortunately the less the
system is symmetric and isotropic the more the result
and the accuracy will be a↵ected by the form adopted
for the trial function.
A first approach to solve exactly the linearized BTE has
been introduced in the 90s by Omini and Sparavigna9.
The numerical solution is obtained via a self-consistent it-
erative procedure, but as indicated by the authors9 there
is no a general proof that convergence will always be ob-
tained by using this approach. Neverthless until now the
Omini Sparavigna iterative procedure had represented
the unique numerical method used for solving the BTE
and evaluating the thermal conductivity2,5,10,11,17.
In this paper we present a new numerical approach for

solving exactly the linearized BTE. By using the vari-
ational principle and the conjugate gradient method we
present a stable algorithm, faster than the one previously
proposed and able to always converge to the exact solu-
tion.

II. THEORY

When a gradient of Temperature rT is established in
a system a subsequent heat flux will start propagating in
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the medium. This flux of heat can be written in terms
of phonon energies h̄!qj phonon group velocities c↵qj and
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in the l.h.s !qj is the pulsation of the phonon mode with
vector q and branch index j, ⌦ is the volume of the unit
cell and the sum runs over a uniform mesh of N0 q points.
While in the r.h.s. k
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is the thermal conductivity with
↵ and � the Cartesian indeces. Knowledge of the phonon
perturbed population allows heat flux and subsequently
thermal conductivity to be evaluated.
Unlike phonon scattering by defects, impurities and
boundaries the anharmonic scattering represents an in-
trinsic resistive process and usually it dominates the be-
haviour of lattice thermal conductivity at room temper-
ature balancing the perturbation due to the gradient of
temperature. The balance equation, namely the Boltz-
mann Transport Equation (BTE), formulated in 1929 by
Peierls12 is:
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with the first term indicating the phonon di↵usion due
to the temperature gradient and the second term the
scattering rate due to all the scattering processes. This
equation has to be solved self consistently. In the gen-
eral approach18, for small perturbation from the equilib-
rium the temperature gradient of the perturbed phonon
population is replaced with the temperature gradient of
the equilibrium phonon population @nqj/@T = @n̄qj/@T

while for the scattering term it can be expanded about its
equilibrium value in terms of a first order perturbation:
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Eq.3 and 4 represent respectively the scattering rates as-
sociated with the coalescence and decay class of events.
All the three phonon scattering processesG = q+q

0+q

00,
with G the reciprocal lattice vector, can be classified in
two types (i) normal (N) processes G = 0, which con-
serve the total crystal momentum and (ii) umklapp (U)
processes G 6= 0 which are the responsible of the intrinsic
resistivity of the crystal and tend to return the phonon
system to an equilibrium Planck distribution, whereas N
processes lead to a displaced planck distribution. At low
temperature the U processes are frozen out this means
that in bulk in absence of any other source of resistivity
the thermal conductivity becomes ballistic while in finite
size systems, when the phonon mean free path becomes
comparable or larger than the object size (L) the border-
ing scattering mechanism becomes important and limits
thermal conductivity. The border e↵ects are described
with:
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where L is the Casimir length and F a correction factor
depending on the width to length ratio of the sample.
Eventually in order to evaluate the thermal conductiv-
ity for di↵erent isotopic concentrations it is necessary to
add also the rate of scattering with impurities. Isotopic
impurities introduce elastic scattering between phonons.
The corresponding scattering rate is calculated as:
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where g2 is the mass variance parameter, which de-
scribes the concentration and mass change for each iso-
tope type.
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Eq.3 and 4 represent respectively the scattering rates as-
sociated with the coalescence and decay class of events.
All the three phonon scattering processesG = q+q

0+q

00,
with G the reciprocal lattice vector, can be classified in
two types (i) normal (N) processes G = 0, which con-
serve the total crystal momentum and (ii) umklapp (U)
processes G 6= 0 which are the responsible of the intrinsic
resistivity of the crystal and tend to return the phonon
system to an equilibrium Planck distribution, whereas N
processes lead to a displaced planck distribution. At low
temperature the U processes are frozen out this means
that in bulk in absence of any other source of resistivity
the thermal conductivity becomes ballistic while in finite
size systems, when the phonon mean free path becomes
comparable or larger than the object size (L) the border-
ing scattering mechanism becomes important and limits
thermal conductivity. The border e↵ects are described
with:
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where L is the Casimir length and F a correction factor
depending on the width to length ratio of the sample.
Eventually in order to evaluate the thermal conductiv-
ity for di↵erent isotopic concentrations it is necessary to
add also the rate of scattering with impurities. Isotopic
impurities introduce elastic scattering between phonons.
The corresponding scattering rate is calculated as:
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where g2 is the mass variance parameter, which de-
scribes the concentration and mass change for each iso-
tope type.
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processes G 6= 0 which are the responsible of the intrinsic
resistivity of the crystal and tend to return the phonon
system to an equilibrium Planck distribution, whereas N
processes lead to a displaced planck distribution. At low
temperature the U processes are frozen out this means
that in bulk in absence of any other source of resistivity
the thermal conductivity becomes ballistic while in finite
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The complexity of the BTE lies in the dependence of the
perturbed phonon population nqj on the occupation of
all the other states. In the SMA the BTE is solved for
the nqj assuming  j

0
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where ⌧Tqj is the phonon relaxation time expressed by the
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where 2�qj is the full linewidth ad half maxi-
mum(FWHM).
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In other words in the SMA every phonon mode is as-

signed a relaxation time corresponding to the net e↵ect
of di↵erent scattering mechanism assuming that the local
occupation dynamics is of no relevance for the scattering
process. The use of the SMA is then questionable in par-
ticular at low temperatures when the scattering events
became less and less and they have to be treated rigor-
ously.
We will show now that it is possible to solve exactly

the BTE, the first attempt to do it, has been made by
Sparavigna11 by searching a full iterative solution. For
the sake of clarity we will contract from now on the vector
q and branch index j in one single mode index ⌫. We
then define
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with � = h̄/N0⌦0kBT
2. For simplicity from now on we

will use the vectorial form (over the index ⌫) and omit
the cartesian indeces (↵ and �):
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From a mathematical point of vies the Omini Sparavigna
iterative procedure does not assure to reach a converged
solution of Eq. 13. We show here that by using the vari-
ational principle is actually possible to obtain the exact
solution. First of all let us change the form of the ma-
trix A. We notice that a decay term P
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In this form the matrix is symmetric and (semi)-positive
definite (see Appendix for demonstrations). These prop-
erties assure us to be able to find the exact solution of the
linear Eq. 13 by finding the minimum F0 of the quadratic
form
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The complexity of the BTE lies in the dependence of the
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In other words in the SMA every phonon mode is as-

signed a relaxation time corresponding to the net e↵ect
of di↵erent scattering mechanism assuming that the local
occupation dynamics is of no relevance for the scattering
process. The use of the SMA is then questionable in par-
ticular at low temperatures when the scattering events
became less and less and they have to be treated rigor-
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erties assure us to be able to find the exact solution of the
linear Eq. 13 by finding the minimum F0 of the quadratic
form
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The complexity of the BTE lies in the dependence of the
perturbed phonon population nqj on the occupation of
all the other states. In the SMA the BTE is solved for
the nqj assuming  j

0

q0 and  
j
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where 2�qj is the full linewidth ad half maxi-
mum(FWHM).
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In other words in the SMA every phonon mode is as-

signed a relaxation time corresponding to the net e↵ect
of di↵erent scattering mechanism assuming that the local
occupation dynamics is of no relevance for the scattering
process. The use of the SMA is then questionable in par-
ticular at low temperatures when the scattering events
became less and less and they have to be treated rigor-
ously.

We will show now that it is possible to solve exactly
the BTE, the first attempt to do it, has been made by
Sparavigna11 by searching a full iterative solution. For
the sake of clarity we will contract from now on the vector
q and branch index j in one single mode index ⌫. We
then define
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form:
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In literature2,5 the diagonal elements A
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Once the converged solution for F↵
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mal conductivity will simply be evaluated as:
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with � = h̄/N0⌦0kBT
2. For simplicity from now on we

will use the vectorial form (over the index ⌫) and omit
the cartesian indeces (↵ and �):

k = �b

T · F

From a mathematical point of vies the Omini Sparavigna
iterative procedure does not assure to reach a converged
solution of Eq. 13. We show here that by using the vari-
ational principle is actually possible to obtain the exact
solution. First of all let us change the form of the ma-
trix A. We notice that a decay term P
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In this form the matrix is symmetric and (semi)-positive
definite (see Appendix for demonstrations). These prop-
erties assure us to be able to find the exact solution of the
linear Eq. 13 by finding the minimum F0 of the quadratic
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The complexity of the BTE lies in the dependence of the
perturbed phonon population nqj on the occupation of
all the other states. In the SMA the BTE is solved for
the nqj assuming  j
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where 2�qj is the full linewidth ad half maxi-
mum(FWHM).
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In other words in the SMA every phonon mode is as-

signed a relaxation time corresponding to the net e↵ect
of di↵erent scattering mechanism assuming that the local
occupation dynamics is of no relevance for the scattering
process. The use of the SMA is then questionable in par-
ticular at low temperatures when the scattering events
became less and less and they have to be treated rigor-
ously.

We will show now that it is possible to solve exactly
the BTE, the first attempt to do it, has been made by
Sparavigna11 by searching a full iterative solution. For
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q and branch index j in one single mode index ⌫. We
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In this form the matrix is symmetric and (semi)-positive
definite (see Appendix for demonstrations). These prop-
erties assure us to be able to find the exact solution of the
linear Eq. 13 by finding the minimum F0 of the quadratic
form
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the medium. This flux of heat can be written in terms
of phonon energies h̄!qj phonon group velocities c↵qj and
perturbed phonon population n

qj

:
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qj

h̄!qjc
↵
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|rT |
�

(1)

in the l.h.s !qj is the pulsation of the phonon mode with
vector q and branch index j, ⌦ is the volume of the unit
cell and the sum runs over a uniform mesh of N0 q points.
While in the r.h.s. k

↵,�

is the thermal conductivity with
↵ and � the Cartesian indeces. Knowledge of the phonon
perturbed population allows heat flux and subsequently
thermal conductivity to be evaluated.
Unlike phonon scattering by defects, impurities and
boundaries the anharmonic scattering represents an in-
trinsic resistive process and usually it dominates the be-
haviour of lattice thermal conductivity at room temper-
ature balancing the perturbation due to the gradient of
temperature. The balance equation, namely the Boltz-
mann Transport Equation (BTE), formulated in 1929 by
Peierls12 is:
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scatt
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with the first term indicating the phonon di↵usion due
to the temperature gradient and the second term the
scattering rate due to all the scattering processes. This
equation has to be solved self consistently. In the gen-
eral approach18, for small perturbation from the equilib-
rium the temperature gradient of the perturbed phonon
population is replaced with the temperature gradient of
the equilibrium phonon population @nqj/@T = @n̄qj/@T

while for the scattering term it can be expanded about its
equilibrium value in terms of a first order perturbation:

nqj ' n̄qj + n̄qj(n̄qj + 1) qj

Let us now consider the total energy of the crystal
Etot({u

s↵

(R
l

)}), where u

s↵

(R
l

) is the atomic displace-
ment from the equilibrium position, of the s-th atom,
along the ↵ Cartesian coordinate in the crystal cell iden-
tified by the lattice vector R

l

.
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V

(3)(qj,q0
j

0
,q

00
j

00) =
@

3Ecell

@Xqj , @Xq0
j

0
, @Xq00

j

00

where Ecell is the energy per unit cell and the adimen-
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(qj) being the orthogonal phonon eigenmodes nor-
malized on the unit cell and M
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the atomic masses. It

is then possible to write the scattering rate associated to
three-phonon scattering processes as:
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Eq.3 and 4 represent respectively the scattering rates as-
sociated with the coalescence and decay class of events.
All the three phonon scattering processesG = q+q

0+q

00,
with G the reciprocal lattice vector, can be classified in
two types (i) normal (N) processes G = 0, which con-
serve the total crystal momentum and (ii) umklapp (U)
processes G 6= 0 which are the responsible of the intrinsic
resistivity of the crystal and tend to return the phonon
system to an equilibrium Planck distribution, whereas N
processes lead to a displaced planck distribution. At low
temperature the U processes are frozen out this means
that in bulk in absence of any other source of resistivity
the thermal conductivity becomes ballistic while in finite
size systems, when the phonon mean free path becomes
comparable or larger than the object size (L) the border-
ing scattering mechanism becomes important and limits
thermal conductivity. The border e↵ects are described
with:
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where L is the Casimir length and F a correction factor
depending on the width to length ratio of the sample.
Eventually in order to evaluate the thermal conductiv-
ity for di↵erent isotopic concentrations it is necessary to
add also the rate of scattering with impurities. Isotopic
impurities introduce elastic scattering between phonons.
The corresponding scattering rate is calculated as:

P

imp

qj,q0
j

0 = K

B

T

⇡

2
g2!qj!q0

j

0


n̄qj n̄q0

j

0 +
n̄qj + n̄q0

j

0

2

�

X

k

��
z

⇤
qj · zq0

j

0
��2
�(!qj � !q0

j

0) (6)

where g2 is the mass variance parameter, which de-
scribes the concentration and mass change for each iso-
tope type.
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the medium. This flux of heat can be written in terms
of phonon energies h̄!qj phonon group velocities c↵qj and
perturbed phonon population n

qj

:

1

N0⌦

X

qj

h̄!qjc
↵

qjnqj = �k

↵�

|rT |
�

(1)

in the l.h.s !qj is the pulsation of the phonon mode with
vector q and branch index j, ⌦ is the volume of the unit
cell and the sum runs over a uniform mesh of N0 q points.
While in the r.h.s. k

↵,�

is the thermal conductivity with
↵ and � the Cartesian indeces. Knowledge of the phonon
perturbed population allows heat flux and subsequently
thermal conductivity to be evaluated.
Unlike phonon scattering by defects, impurities and
boundaries the anharmonic scattering represents an in-
trinsic resistive process and usually it dominates the be-
haviour of lattice thermal conductivity at room temper-
ature balancing the perturbation due to the gradient of
temperature. The balance equation, namely the Boltz-
mann Transport Equation (BTE), formulated in 1929 by
Peierls12 is:

�cqj |rT |
✓
@nqs

@T

◆
+

@nqj

@t

����
scatt

= 0 (2)

with the first term indicating the phonon di↵usion due
to the temperature gradient and the second term the
scattering rate due to all the scattering processes. This
equation has to be solved self consistently. In the gen-
eral approach18, for small perturbation from the equilib-
rium the temperature gradient of the perturbed phonon
population is replaced with the temperature gradient of
the equilibrium phonon population @nqj/@T = @n̄qj/@T

while for the scattering term it can be expanded about its
equilibrium value in terms of a first order perturbation:

nqj ' n̄qj + n̄qj(n̄qj + 1) qj

Let us now consider the total energy of the crystal
Etot({u

s↵

(R
l

)}), where u

s↵

(R
l

) is the atomic displace-
ment from the equilibrium position, of the s-th atom,
along the ↵ Cartesian coordinate in the crystal cell iden-
tified by the lattice vector R

l

.
We define:
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0
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00
j
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j

0
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where Ecell is the energy per unit cell and the adimen-
sional quantity Xqj is defined by

Xqj =
1

N

X

l,s,↵

r
2M

s

!qj

h̄

z

s↵

(qj)u
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(R
l

)e�iq·Rl

z

s↵

(qj) being the orthogonal phonon eigenmodes nor-
malized on the unit cell and M

s

the atomic masses. It

is then possible to write the scattering rate associated to
three-phonon scattering processes as:
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Eq.3 and 4 represent respectively the scattering rates as-
sociated with the coalescence and decay class of events.
All the three phonon scattering processesG = q+q

0+q

00,
with G the reciprocal lattice vector, can be classified in
two types (i) normal (N) processes G = 0, which con-
serve the total crystal momentum and (ii) umklapp (U)
processes G 6= 0 which are the responsible of the intrinsic
resistivity of the crystal and tend to return the phonon
system to an equilibrium Planck distribution, whereas N
processes lead to a displaced planck distribution. At low
temperature the U processes are frozen out this means
that in bulk in absence of any other source of resistivity
the thermal conductivity becomes ballistic while in finite
size systems, when the phonon mean free path becomes
comparable or larger than the object size (L) the border-
ing scattering mechanism becomes important and limits
thermal conductivity. The border e↵ects are described
with:

P

be

qj =
cqj

LF

n̄qj(n̄qj + 1) (5)

where L is the Casimir length and F a correction factor
depending on the width to length ratio of the sample.
Eventually in order to evaluate the thermal conductiv-
ity for di↵erent isotopic concentrations it is necessary to
add also the rate of scattering with impurities. Isotopic
impurities introduce elastic scattering between phonons.
The corresponding scattering rate is calculated as:
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where g2 is the mass variance parameter, which de-
scribes the concentration and mass change for each iso-
tope type.

g2 =
< (m

i

� m̄)2 >

m̄

2
= x(1� x)
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with m̄ = m

i

+ x�m

Substituting the expressions for the scattering rates
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